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Abstract
The Wick-Cutkosky model is investigated using the framework of
the Nakanishi Perturbative Integral Representation projected in the
Light-Front hyperplane for an s-wave amplitude. We developed a new
technique based on sucessive integration by parts of the Nakanishi
Representation which enabled us to transform one of the integrations
into a sum. With a set of boundary conditions it was possible to
guess the format of the solution, which was in fact a distribution. The
eigenequations obtained were the same as the originals of Cutkosky [1].
Finally, a numerical check confirmed that the final equation reproduce
the same eigenvalues as the initial Bethe-Salpeter equation.
1 Introduction
The Bethe-Salpeter (BS) equation [2] was proposed to treat the problem of
the bound state in a relativistic framework. However, since it’s kernel had
poles, the numerical solution could not be obtained using standard numer-
ical algorithms for integral equations. In order to solve this difficulty, in
1954 Wick [3] and Cutkosky [1] published articles proposing new methods.
In particular, the Wick rotation avoids the poles and, since then, this has
been the canonical way to solve the BS equation. Nevertheless, Wick also
proposed the strategy of using a particular type of integral representation for
the amplitude of the BS equation with a massless interaction, and using a
Dirac delta Ansatz for his weight function he was able to obtain a simpler
equation for the massless case. Moreover, Cutkosky extended Wick’s work
to the full spectrum of the massless ladder interaction case. This model has
been known as the Wick-Cutkosky model, specially important as a toy model
because of it’s simplicity.
In the seventies, Nakanishi explored the idea of an integral representation,
very similar to the type used by Wick, for Feynman Diagrams and scattering
amplitudes [4, 5, 6]
φ(k) =
∫
∞
0
dγ′
∫ 1
0
∏
h
dz′hδ(
∑
h
z′h − 1)
g(n)(γ′, z′)
(γ′ −
∑
h z
′
hsh − iǫ)n
, (1)
where sh are scalar products of the external momenta. He analyzed this
representation and demonstrated important properties such as analicity and
uniqueness. Interestingly, although Nakanishi studied this formula for per-
turbative purposes, the initial ideia of Wick was to use it to solve the non-
perturbative BS equation.
In 1995 Kusaka and Williams observed that the Nakanishi representation
was useful to solve the massive interaction BS equation in Minkowski space
[7, 8], but the method was still not very practical for numerical purposes.
Thus, in 2006 Karmanov and Carbonell proposed a new technique based on
the application of the Nakanishi representation to the BS equation and then
projecting it in the Light-Front hyperplane [9, 10, 11, 12], and this resulted in
an generalized integral equation with smooth kernels. Then Frederico, Salme
and Viviani extended the Light Front projected BS equation for scattering
states and also developed a new method based on the uniqueness of the
Nakanishi representation [13, 14, 15].
1
Following the recent success of the Light Front projected BS equation
technique, we decided to look again to the massless interaction case, which
was the first one described by an integral representation. We found that
the solutions that before were thought of as an Ansatz could be obtained
by using integration by parts and suitable boundary conditions, even for
the excited states. Moreover we checked numerically the eigenvalues of the
obtained equation and the original one.
2 Wick-Cutkosky Model with the Nakanishi
Representation
The scalar BS equation with a ladder massless interaction is given by
φ(k, p) =
1
m2 − (p
2
− k)2
1
m2 − (p
2
+ k)2
ig2
∫
d4k′
(2π)4
φ(k′, p)
(k − k′)2 + iǫ , (2)
where g is the coupling constant, p is the total momentum of the bound state
and k is the relative momentum.
The BS amplitude φ(k, p) can be written as a three leg Nakanishi rep-
resentation with one momentum on-shell (p) and two off-shell (p
2
− k and
p
2
+ k),
φ(k, p) =
−i
4π
∫
∞
0
dγ′
∫ 1
−1
dz′
g(γ′, z′)
(γ′ + κ2 − k2 − p · kz′ − iǫ)3 . (3)
Where κ2 = m2 − p2
4
. Note that the symmetry φ(k0, ~k, p) = φ(−k0, ~k, p),
such as for an s-wave, is translated into g(γ′, z′) = g(γ′,−z′) for the weight
function in this representation. Substituting this representation in the previ-
ous BS equation and projecting the equation in the Light Front by integrating
in k− we obtain [9]
∫
∞
0
dγ′
g(γ′, z)
(γ′ + γ + z2m2 + (1− z2)κ2)2
=
∫
∞
0
dγ′
∫ 1
−1
dz′ V (γ, z; γ′, z′)g(γ′, z′).
(4)
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The Kernel of the integral equation is
V (γ, z; γ′, z′) =
αm2
2pi
1
(γ + z2m2 + (1− z2)κ2)
1
(γ′ + z′2m2 + (1− z′2)κ2)
×

 θ(z − z′)(
γ + γ′ 1−z1−z′ + z
2m2 + (1− z2)κ2
) 1− z
1− z′ +
θ(z′ − z)(
γ + γ′ 1+z1+z′ + z
2m2 + (1− z2)κ2
) 1 + z
1 + z′

 ,
(5)
where we defined α = g2/4π. The BS equation can be rewritten in a suitable
way as ∫
∞
0
dγ′
g(γ′, z)
(γ′ + γ + z2m2 + (1− z2)κ2)2
=
αm2
2π
1
d0(z)
∫ 1
−1
dz′ [ω(z, z′)θ(z − z′) + ω(−z,−z′)θ(z′ − z)] , (6)
where we introduced the auxiliary functions
ω(z, z′) =
∫
∞
0
dγ′
g(γ′, z′)
(γ′ + a(z′))(γ′ + c(γ, z, z′))
; d0(γ, z) = γ + z
2m2 + (1− z2)κ2;
a(z′) = z′2m2 + (1− z′2)κ2; c(γ, z, z′) = 1− z
′
1− z d0(γ, z). (7)
Now, we intend to transform the integration in γ′ into a sum, using integra-
tion by parts. To do that, we first define the sequence G(n) (γ′, z) as
G(0)(γ′, z) = g(γ′, z); G(n+1)(γ′, z) = −
∫
∞
γ′
dγ′′ G(n)(γ′′, z);
G(n)(γ′, z) =
∂
∂γ′
G(n+1)(γ′, z). (8)
First, we perform an integration by parts in γ′ in the LHS of Eq. (4)∫
∞
0
dγ′
g(γ′, z)
(γ′ + γ + z2m2 + (1− z2)κ2)2
=
∫
∞
0
dγ′
g(γ′, z)
(γ′ + d0(γ, z))
2 =
=
∫
∞
0
dγ′
(
∂
∂γ′
G(1)(γ′, z)
)
1
(γ′ + d0(γ, z))
2 =
= G(1)(0, z)
1
d0(γ, z)2
−
∫
∞
0
dγ′ G(1)(γ′, z)
∂
∂γ′
(
1
(γ′ + d0(γ, z))
2
)
.
(9)
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Each integration by parts generates a new term for the sum. In general,
the relationship that generates the n-th term of the sum is
∫
∞
0
dγ′ G(n)(γ′, z)
∂(n)
∂γ′(n)
(
1
(γ′ + d0(γ, z))
2
)
=
=
∫
∞
0
dγ′
(
∂
∂γ′
G(n+1)(γ′, z)
)
∂(n)
∂γ′(n)
1
(γ′ + d0(γ, z))
2 =
=
(
G(n+1)(γ′, z)
∂(n)
∂γ′(n)
(
1
(γ′ + d0(γ, z))
2
)) ∣∣∣∣
∞
0
−
∫
∞
0
dγ′ G(n+1)(γ′, z)
∂(n+1)
∂γ′(n+1)
(
1
(γ′ + d0(γ, z))
2
)
.
(10)
Thus, after performing n integrations by parts we have
∫
∞
0
dγ′
g(γ′, z)
(γ′ + γ + z2m2 + (1− z2)κ2)2
=
=
n∑
i=1
(−1)i−1
(
G(i)(γ′, z)
∂(i−1)
∂γ′(i−1)
(
1
(γ′ + d0(γ, z))
2
)) ∣∣∣∣
∞
0
+ (−1)n
∫
∞
0
dγ′ G(n)(γ′, z)
∂(n)
∂γ′(n)
(
1
(γ′ + d0(γ, z))
2
)
.
(11)
The term in the limit of large n vanishes and each term of the sum is
proportional to G(i)(0, z). So, we define this term as a sequence of functions
in the variable z
bi(z) = G
(i)(0, z) (12)
Finally, in the limit of n→∞
∫
∞
0
dγ′
g(γ′, z)
(γ′ + γ + z2m2 + (1− z2)κ2)2
=
∞∑
i=1
i!
bi(z)
d0(γ, z)i+1
.
(13)
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Note that we successfully rewrote the integration in γ′ as a sum. We now
intend to do the same for the RHS of Eq. (4). In the following we give some
details of the derivation.∫
∞
0
dγ′
g(γ′, z′)
(γ′ + a(z′))(γ′ + c(γ, z, z′))
=
=
∞∑
j=1
(−1)j−1
(
G(j)(γ′, z′)
∂(j−1)
∂γ′(j−1)
(
1
(γ′ + a(z′)) (γ′ + c(γ, z, z′))
)) ∣∣∣∣
∞
0
=
∞∑
j=1
(−1)j−1bj(z′)
j−1∑
n=0
(
j − 1
n
)
∂(j−n−1)
∂γ′(j−n−1)
(
1
γ′ + a(z′)
)
∂(n)
∂γ′(n)
(
1
γ′ + c(γ, z, z′)
)
=
∞∑
j=1
bj(z
′)
j−1∑
n=0
(j − 1)!
n!(j − n− 1)!
(j − n− 1)!
a(z′)j−n
n!
c(γ, z, z′)n+1
=
∞∑
j=1
bj(z
′)
j−1∑
n=0
(j − 1)!
a(z′)j−nc(γ, z, z′)n+1
=
∞∑
i=1
1
c(γ, z, z′)i
∞∑
j=i
(j − 1)!bj(z′)
a(z′)j−i+1
=
∞∑
i=1
(
1− z
(1− z′)d0(z)
)i ∞∑
j=i
(j − 1)!bj(z′)
a(z′)j−i+1
(14)
Collecting the terms, the BS equation for the Wick-Cutkosky model can be
expressed as
∞∑
i=1
i!
bi(z)
d0(γ, z)i+1
=
αm2
2pi
1
d0(z)
∫ 1
−1
dz′
∞∑
i=1
(
1− z
(1− z′)d0(z)
)i ∞∑
j=i
(j − 1)!bj(z′)
a(z′)j−i+1
θ(z − z′)
+ z → −z and z′ → −z′ (15)
Note that for γ →∞⇒ d0 →∞ and therefore the small i terms dominates
the series. Then we can match the 1
di
0
terms of the series and we have, since
a(z) and bi(z) are even:
bi(z) =
αm2
2pi
∫ 1
−1
dz′
1
i!
((
1− z
1− z′
)i
θ(z − z′) +
(
1 + z
1 + z′
)i
θ(z′ − z)
)
∞∑
j=i
(j − 1)!bj(z′)
a(z′)j−i+1
.
(16)
To solve the eigenequation we set bi(z) = 0 if i > imax for some imax. Note
that this is consistent because all the equations for i > imax becomes trivially
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solved, since they are homogeneous and each bi depends only on bj with j > i.
Thus, it is only necessary to solve the equations with i 6 imax. Since the
resulting matrix is triangular by blocks, the eigenvalues are solely determined
by the i = j = imax equations:
bi(z) =
αm2
2π
∫ 1
−1
dz′
1
i
((
1− z
1− z′
)i
θ(z − z′) +
(
1 + z
1 + z′
)i
θ(z′ − z)
)
bi(z
′)
a(z′)
,
(17)
which is exactly the Wick-Cutkosky equation originally obtained. It is known
that the support for the Nakanishi weight function for the Wick-Cutkosky
model is only γ′ = 0. Previously it was used the Ansatz g(γ′, z′) = δ(γ′)f(z′)
which is equivalent to set bi(z
′) = 0 for i > 1 in the present formalism. To
fully reconstruct g(γ′, z′) from the bi(z
′) we propose the following Ansatz:
g(γ′, z′) =
imax∑
i=1
bi(z
′)δ(i−1)(γ′). (18)
This distribution has support only in γ′ = 0 and clearly reproduces equations
(13) and (14). This happens because the derivative of delta acts on the kernel
in the same way as when one performs the integration by parts , thus this
is the solution for the Nakanishi weight function. At this point we notice
that the integration by parts is ill-defined since the weight function is a
distribution and not a function. To be mathematically precise, first one
should set a small mass µ for the interaction particle and then take the limit
of µ→ 0 in the end of the calculation. To reconstruct the BS amplitude we
can use the Nakanishi Perturbative Integral Representation (3). Using the
weight function (18) in the representation (3) we have
φ(k, p) =
−i
4π
imax∑
n=1
(n+ 1)!
3
∫ 1
−1
dz′
bn(z
′)
(κ2 − k2 − p · kz′ − iǫ)n+2 . (19)
From (19) we can also obtain the light-front wave function using the relation
ψ(k⊥, z) =
(ω.k1)(ω.k2)
π(ω.p)
∫
∞
−∞
φ(k + βω, p)dβ, (20)
where ω = (1, 0, 0,−1). Finally, we have
ψ(k⊥, z) =
1− z2
8
√
π
imax∑
i=1
i!
bi(z)
(k2
⊥
+m2 − (1− z2)M2
4
)i+1
. (21)
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3 Numerical Results
In this section we compare the numerical values of the first four eigenvalues
by solving the Bethe-Salpeter equation for zero mass exchange, Eq. (4),
and the ones obtained from Eq. (17), which is obtained using the method
described in the last section.
We solve the BS equation, Eq. (4), using a Laguerre basis in γ and γ′, and
a Legendre basis in z and z′. Moreover, with 5 Laguerre basis functions
and 5 Legendre polynomials, we obtain the eigenvalues of the ground state
(α
(γ′,z′)
1 ) and the first excited state (α
(γ′,z′)
2 ) for various bounding energies
B/m . Also, we solve Eq. (17) using a Legendre basis in z and z′, obtaining
the eigenvalues of the ground state (α
(z′)
1 ) and the first excited state (α
(z′)
2 ).
The results are in Table 1.
Table 1: Values of α = g2/4π as a function of binding energy B/m for a
massless scalar exchange for the ground state and the first excited state.
The first and third column shows the results for Eq. (4). The second and
fourth column shows the results for Eq. (17).
B/m α
(γ′,z′)
1 α
(z′)
1 α
(γ′,z′)
2 α
(z′)
2
0.1 1.11 1.12 2.90 2.93
0.2 1.78 1.79 4.90 4.85
0.3 2.34 2.35 6.58 6.53
0.4 2.84 2.84 8.09 8.05
0.5 3.29 3.30 9.44 9.42
For the ground state and the first excited state the numerical results has a
relative error of about 1%, which support the method presented in this work.
4 Summary
The Wick-Cutkosky model was reexamined using the new light front pro-
jected Nakanishi method.
In this case, the expansion in basis functions is not efficient, because the
solution is a distribution. Thus, it was necessary to find an alternative way
to deal with it. Our strategy was to transform the integration in γ′ into a
sum, using integration by parts and a suitable boundary condition for the
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solution. This enabled us not only to reproduce the equations originally
obtained by Cutkosky, but also to show that the weight-function for the
amplitude reduces to a distribution in the massless limit. So, we were able to
use these weight-functions to write the final formulas for the Bethe-Salpeter
amplitude and the light-front wave function.
Moreover, we checked the final and initial equations numerically, expand-
ing the solution in Laguerre and Legendre basis, and we obtained the same
eigenvalues for the ground state and for the first excited states in both equa-
tions.
The integration-by-part method may also be useful in the calculation
of the BS equation with a small interacting mass, specially if used with
the uniqueness equation. This is importante because the basis expansion
performs better when the interacting mass is bigger and thus the weight
function has a more distributed support in γ′.
Following this procedure, the next step is to obtain the eigenvalues of
higher excited states and their corresponding wave functions, which is a work
in progress.
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